We study the one-dimensional Fermionic Hubbard model with SU (N ) spin symmetry in the incommensurate filling case. The basic properties of Green's function, momentum distribution and tunneling density of states of the system at low temperature are studied in the frame work of Luttinger liquid theory combined with Bethe Ansatz solutions for arbitrary interaction. In the strong interacting case, the system enters the spin-incoherent regime at intermediate temperature Espin < T Ec and we obtain the Green's function and tunneling density of states by generalizing the path integral approach for the SU (2) case to the SU (N ) case in this regime. The theoretical results we obtained agree qualitatively with the experiments on the one-dimensional alkaline earth atomic system with SU (N ) spin symmetry. The similarities and difference between the one-dimensional SU (N ) Fermionic Hubbard system at large N and the one-dimensional spinless Bosonic system are also investigated.
I. INTRODUCTION
Correlations have been one of the most important topics in condensed matter physics in recent decades and have resulted in a large number of exotic and fascinating phenomena. The correlation effects strongly depend on dimensionality and become more significant in lower dimensions in general. One remarkable example is the breakdown of the famous Fermi liquid theory in one dimension 1 . The correlation in one dimension results in collective excitations in interacting systems and the 1D system has to be described by the Luttinger liquid theory, according to which a series of exotic phenomena emerge, such as charge-spin separation, collective excitations, non-universal power law correlation etc 1 . While the one-dimensional Fermionic systems with two spin components have been widely studied both theoretically and experimentally [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , the one-dimensional Fermionic system with large spin and SU (N ) symmetry has been realized only in recently years in cold atom systems with alkaline-earth atoms 11, 12, 15, 16 . Since the electronic angular momentum of the ground state of alkalineearth atoms is zero, there is no coupling between the nuclear spin I = 9/2 and the electron angular momentum for such state. For the reason, the s-wave scattering of the alkaline-earth atoms is independent of the nuclear spin, which results in an SU (N ) spin symmetry of the alkaline-earth atom systems where N = 2I + 1 can be as large as 10 12,16 . Such system is proposed to simulate a number of models with SU (N ) symmetry, such as the Kugel-Khomskii model, the Kondo lattice model, the Heisenberg and Hubbard model [12] [13] [14] . By trapping the alkaline-earth atoms into a onedimensional optical lattice and applying optical spin manipulation technique, a one-dimensional Fermionic system with SU (N ) symmetry with N varying from 1 to 10 was realized in experiments 16 . The role of the spin multiplicity in the correlated one-dimensional system was investigated by measuring the momentum distribution and spectrum function for different N . The experiments reveal interesting properties for the system with large N , e.g., with the increase of N , the physical properties of the one-dimensional Fermionic system approach the behavior of one-dimensional Bosonic systems 16, 17 .
On the theoretical side, a number of sophisticated techniques, such as Luttinger liquid theory 1, 5, 6, 18, 19 , conformal field theory 20, 23, 24 , Bethe Ansatz 21,23-25 , quantum inverse-scattering technique (QIST) etc. [26] [27] [28] , have been employed to study the physical properties of onedimensional Hubbard model. However, each of these techniques reveals only one face of the system and is applicable only in certain conditions, e.g., the Luttinger liquid theory is valid only for low energy physics and small interaction, the conformal field theory is applicable only in conformal invariant case, the solution of Bethe Ansatz and quantum inverse-scattering technique is often too involved to extract physical information and only very limited cases are solvable by these two methods. For the reason, a complete and consistent picture of the basic properties of the one-dimensional SU (N ) Hubbard model, such as the correlation function, the spectrum and momentum distribution etc, at arbitrary interaction and different temperature regimes is still lacking, especially for the N > 2 case.
In this work, we study the basic properties of Green's function, momentum distribution and tunneling density of states of the one-dimensional Fermionic SU (N ) Hubbard model mainly in the framework of Luttinger liquid theory combined with Bethe Ansatz solutions, and discuss supplemental approaches in the regime when these two methods are not available. We focus on the incommensurate filling case, i.e., ν = n/N where n is an integer no larger than N . In this case, the Umklapp processes are absent and the back scatterings of the Hubbard interaction are irrelevant. The system then stays in the metallic phase and the low energy physics of the one-dimensional interacting system can be described by Luttinger liquid theory. The properties of the system at low temperature are determined by the Luttinger parameters K α which depends on the interaction. For weak interaction, the Luttinger parameters K α can be obtained in the continuum limit from the Luttinger liquid theory. For strong interaction, the Luttinger liquid theory is no longer valid and we extract K α from the Bethe Ansatz solutions for arbitrary interaction. The two methods together give a complete description of the system at low temperature T E spin . The theoretical results of the momentum distribution we obtained in this regime agree qualitatively with the experiments 16 .
In the strong interacting case, the charge and spin modes separate significantly and the system enters an intermediate spin-incoherent regime as the temperature increases to E spin T E c . The charge mode in this regime can still be described by a spinless Luttinger liquid, however, the spin-part is disordered and the Luttinger liquid description is no longer valid. We then generalize the path integral approach of computing the Green's function for the SU (2) case in this regime in Ref. 5, 6 to the SU (N ) case in this work. The Green's function of the system decays exponentially in the spinincoherent regime instead of a power law in the Luttinger liquid regime and the tunneling density of states diverges at low energy in the former case instead of vanishing as in the latter. The momentum distribution in the spinincoherent regime is however not available from the path integral method in a general case. We then briefly discuss the special situation of infinite repulsion for which the density matrix and so the momentum distribution is exactly solvable from the quantum inverse-scattering technique (QIST) in the spin-incoherent regime 7, 8, [26] [27] [28] .
We also discussed the similarity and difference between the one dimensional SU (N ) Fermionic system with large N and the one-dimensional spinless Bosonic system. Though it was discovered that the ground state energy of the two systems at N → ∞ is the same at the same interaction and particle density 17 , indicating Bosonic behavior for the SU (N ) Fermionic system at N → ∞ 16 , we show that the single particle Green's function and momentum distribution of the two systems are different due to the different statistics they obey. This paper is organized as follows: In section II, we review the one-dimensional SU (N ) Hubbard model and the single particle Green's function obtained in the Luttinger liquid regime. In section III, we obtain the Luttinger liquid parameter from the solution of Bethe Ansatz for arbitrary interactions. In section IV, we calculate the momentum distribution of the system in the Low temperature Luttinger liquid regime 0 < T E spin . The local tunneling density of states in this regime is computed in section V. In section VI, we study the properties of the system in the spin-incoherent regime E spin < T E c . We summarize in the last section VII.
II. THE SU (N ) HUBBARD MODEL

A. Hamiltonian
We start with a brief review of the one-dimensional Fermionic Hubbard model with N species of spin components:
where c ia is the Fermionic operator satisfying the commutation relation {c ia , c † jb } = δ ab δ ij , i denotes the lattice site and the spin index a = 1, . . . , N . The density operator n ia ≡ c † ia c ia . The first term is the non-interacting hopping term and the second term is the on-site Hubbard interaction.
The Hamiltonian is invariant under the SU (N ) transformation of spin components: c ia → U ab c ib , where U is any unitary N × N matrix satisfying U † U = 1. Other than this SU (N ) symmetry, there is an U (1) symmetry c ia → e iθ c ia , where θ is an arbitrary constant 19 . This U (1) symmetry results in the conservation of the particle numbers of each spin species and each species has a chemical potential µ a . In this work, we only consider the balanced case for which the chemical potential is the same for the N species 25 and the number of particles for each species is the same.
The SU (N ) symmetric Hubbard interaction can be written as an generalized SU (N ) spin-spin interaction as
with
being the N 2 − 1 generators of the SU (N ) group. The N 2 − 1 matrices T A satisfy the commutation relation:
where f ABC is the structure constants of the SU (N ) Lie algebra.
For the one-dimensional system, the Fermi surface reduces to two Fermi points and the low energy physics is determined by the processes near the two Fermi points. One can then decompose the Fermion operators c ia to the left and right moving modes near the two Fermi points in the continuum limit as
where α is a short distance cutoff.
The Hubbard interaction includes forward scatterings, back scatterings and Umklapp processes upon this decomposition. At commensurate fillings ν = n/N, n = 1, 2, ...N − 1, the Umklapp processes open a charge gap in the system and result in a Mott insulator 19 . However, at incommensurate filling, the Umklapp processes are absent due to momentum mismatch and the backscattering processes are also irrelevant. In this case, the system remains in the metallic phase and only the forward scatterings of the interaction are important. We then focus on this metallic phase in this work.
It was shown 19 that the Hamiltonian density of the Hubbard Hamiltonian Eq. (1) with only forward scattering reduces to a charge part and a spin part as
where : ... : denotes normal ordering and
The renormalized charge and spin mode velocities and couplings are
For repulsive interaction U > 0, the G s term is marginally irrelevant, we then ignore this term and study the case G * s = 0 in this paper.
B. Bosonization
The metallic phase of the one-dimensional system at low temperature can be described by the Luttinger liquid theory. The left and right mode ψ ar can be Bosonized by the standard procedure:
where a = 1, ..., N , r = L, R, and U ar are Klein factors. θ a and φ a are two Bosonic fields satisfying the commutation relation:
For a specific spin flavor a, : ψ † ar ψ ar : (x) = − 1 2π (∂ x φ a − r∂ x θ a ) and the charge density ρ a (x) =: r ψ † ar ψ ar := − 1 π ∂ x φ a . The Hamiltonian Eq.(6) including the forward scatterings is quadratic in the Bosonic fields θ a and φ a . However, the different a modes are coupled. To get the normal modes of the Hamiltonian Eq.(6), one can recombine the N species of bosonic modes θ a and φ a to a charge mode and N − 1 spin modes as
Φ ms = 1
. (16) where m = 1, 2, ..., N − 1. The N − 1 spin modes correspond to the trace of the N − 1 Cartan generators of the SU (N ) group 30 . The above defined Φ c , Φ ms and Θ c , Θ ms satisfy the similar commutation relation Eq. (12) .
The Hamiltonian density Eq. (6) is diagonalized in terms of the above defined charge and spin modes as:
where the Luttinger liquid parameter K c and the renormalized velocity of the charge mode in the continuum limit is respectively
and u s = v F at G * s = 0. The corresponding Luttinger liquid parameter for the spin modes is K s = 1 due to the SU (N ) symmetry of the interaction.
C. Green's Function
With the diagonaized Hamiltonian Eq. (17), one can obtain the single particle Green's function in a straightforward way. The single particle Green's function is defined as
where τ is the imaginary time andT labels time-ordering. Since the interaction mixes the left and right mode ψ aL nd ψ aR , the mode θ a − rφ a corresponding to ψ ar is not the physical left and right mode. However, we can obtain the physical left and right moving modes for the charge and spin modes of the diagonalized Hamiltonian Eq.(17) asΦ
The above defined modesΦ R(L) are physically right (left) moving modes satisfying the equation of motion
∂ xΦR,L and u is the velocity of the corresponding charge or spin mode. The Green's functions of these modes contain factors of only x + iuτ or x − iuτ as
where r = 1 for right moving mode and −1 for left moving mode. The correlation between differentΦ modes andΘ modes vanishes since these modes decouple.
To obtain the Green's function of Eq. (22), we decompose the φ a mode to the physically left and right moving modesΦ R,L . The inverse relationship between φ a and Φ c , Φ ms is
and the same relationship holds between θ a and Θ c , Θ ms .
The relationship between φ a , θ a and the physically left and right moving modes can be obtained by replacing Φ c , Φ ms and Θ c , Θ ms in Eqs. (28) by
Since e
is non-vanishing only when j A j = 0, 1 the Green's function G ab (x, τ ) is nonvanishing only when a = b, i.e., the single-particle correlation is zero between different spin species. From Eq. (22), Eq.(27), Eq. (28) and Eq. (29), we obtain the single-particle Green's function in the Luttinger liquid regime 0 < T E spin as
At T → 0, the above correlation function reduces to the one obtained in Ref 19 as
The single-particle Green's function is the same for different species a due to the SU (N ) spin symmetry.
III. LUTTINGER LIQUID PARAMETERS
The Luttinger parameter K c plays an essential role in the physical properties of the system. For weak interaction U t, the continuum limit is valid and the Luttinger parameters are approximately given in Eq. (20) . For strong interaction U ≥ t, the Luttinger liquid description in the continuum limit and low energy is not strictly valid. The accepted view is that the effect of strong interaction still corresponds to a renormalization of the Luttinger parameters K c and u c as well as the spin velocity u s 19 , which however is different from Eq. (20) . These parameters completely characterize the low energy properties of the metallic phase and can be obtained from the Bethe Ansatz solution. For this purpose, the Luttinger parameter K c can be related to the compressibility of the system by the relationship
i.e.,
where
a ∂ x φ a is the local number density of the system,ρ c = ρ(x) is the average number density of the whole chain, and E is the ground state energy per unit length which can be obtained from the Bethe Ansatz solution 25 . The velocity of the charge mode u c can be expressed as 21, 23, 24 
Here n c (k) is the charge/particle distribution function with momentum k, and c (k) is the dressed energy of the interacting system defining the energy bands of the system 21, 23, 24 . Both n c (k) and c (k) satisfies a set of coupled Bethe Ansatz integral equations and can be solved numerically 24 . Combining Eq.(33) and (34), the Luttinger parameter K c can then be obtained numerically from the Bethe Ansatz solution.
It was also discovered from the Bethe Ansatz equations that at zero magnetic field the compressibility is related to the dressed charge z c as
where the dressed charge z c characterizes the number of electrons added near the Fermi surface due to a change in the total densityρ c and is defined as
with z 0 ≡ sin k F /Ũ andŨ ≡ U/t. The function ξ c (z) satisfies the following integral equation at zero magnetic field
where ψ(x) is the digamma function.
The above Eq.(37) can be solved numerically for arbitrary z 0 , i.e., arbitrary interaction U and charge densitȳ ρ c , from which we can then get the Luttinger parameter K c for arbitrary interaction and particle density.
At small z 0 1, i.e., strong interaction U , the solution of z c can be obtained by iteration of Eq.(37) as
where γ is the Euler constant. We then see that at U → ∞, z 0 → 0, z c → 1 and the Luttinger parameter K c → 1/N . At large z 0 N , a perturbative scheme based on the Wiener-Hopf method can be applied to Eq.(37) and
We see that at U → 0, z 0 → ∞, z c → √ N , the Luttinger parameter K c then reduces to the non-interacting case K c = 1.
IV. MOMENTUM DISTRIBUTION
One of the measurable observables which reveals the correlation of the system is the momentum distribution n c (k) of particles. It can be measured in cold atom experiments by extinguishing the trapping light and imaging the atomic cloud after a ballistic expansion 16 . In a recent experiment on the one dimensional Y b 173 atoms, the momentum distribution of a one-dimensional system with SU (N ) spin symmetry was measured for different N 16 . In this section, we compute the momentum distribution of the SU (N ) Luttinger liquid at low temperature, i.e., the Luttinger liquid regime 0 < T E spin , and compare the results with the experiments 16 . The spin-incoherent case at intermediate temperature E spin T E c will be discussed in a later section.
The momentum distribution can be expressed in terms of the time-ordered Green's function as
In the Luttinger liquid regime 0 < T E spin , the temperature dependence of the momentum distribution is weak and we can take the limit T → 0. The momentum distribution is then obtained as
where the left and right branches satisfies n L (k) = n R (−k). We then only need to calculate the right branch:
whereK ≡ 1 2N Kc (K c −1) 2 varies from 0 to 1/2 for the interaction U changing from 0 to ∞, and W λ,µ (z) is Whittaker function:
(44) M λ,µ (z) can be written in terms of the confluent Hypergeometric function Φ(a, b, z):
Expanding the expression in Eq.(43) near the Fermi points, we get near k = k F , the momentum distribution of the right branch is
In the non-interacting case, K c = 1,K = 0, the momentum distribution n R (k) reduces to
which shows a sharp Fermi surface at k = k F . In the finite interaction case, we obtain 0 <K ≤ 1/2 for the interaction varying from 0 to ∞ from the analysis of the last section. The momentum distribution in Eq.(46) then becomes continuous at k = k F and the Fermi surface disappears at T = 0. This indicates the breakdown of single particle excitations in one dimensional interacting systems and all the excitations are collective in such systems.
The momentum distribution has a power law singularity as constant+|k − k F |K sgn(k − k F ) at k = k F . The power indexK increases with increasing N at fixed interaction applying the Eq.(39) and (40) obtained in section III. The momentum distribution n(k) then becomes more and more broadened with the increase of N for fixed interaction. This is consistent with the experimental observations in the one-dimensional alkalineearth atomic systems in Ref. 16 , and also indicates that the one-dimensional interacting Fermionic system deviates more and more from a Fermi liquid with the increase of N .
Interestingly, it was pointed out that the ground state energy per particle for an N -component one-dimensional Fermionic system with N → ∞ is the same as for a onedimensional spinless Bosonic system with the same repulsive δ-interaction and total number density 17 in the limit of large number density, indicating Bosonic behavior for the multi-component Fermionic system with N → ∞, which was observed in experiments 16 . However, we note here that the single-particle Green's function and so the momentum distribution for the two systems are not the same due to the different statistics they obey. This is clear by a direct comparison of Eq.(31) in the N → ∞ limit with the single-particle Green's function of a onedimensional spinless Bosonic system with the same repulsive interaction, which is
Here r = (x, uτ ) and K B is the Luttinger liquid parameters for the one-dimensional spinless Bosonic system. For local repulsive interaction U , K B is +∞ at U = 0, indicating a long range order due to Bose condensation. At finite repulsion, K B is finite and decreases with the increase of U , until at U → ∞, K B approaches 1 1 . We then see that at fixed interaction, the single particle Green's function for the one-dimensional spinless Bosonic system and N-component Fermionic system with N → ∞ is not the same. The latter always decays faster than the former with the same interaction. For example, at U → ∞, the Green's function for the spinless Bosonic system behaves as (1/r) 1 2 whereas the Green's function for the N-component Fermionic system behaves approximately as ∼ (1/r)
2 /2 , which decays faster than the Bosonic system at any N .
V. SPECTRUM FUNCTION AND TUNNELING DENSITY OF STATES
Another important physical observable is the spectrum function A(k, ω) = −2ImG R (k, ω) which is related to the local tunneling density of states (DOS) as
(49) The retarded Green's function G R a (x = 0, t) can be obtained from the time-ordered single-particle Green's function G a (x = 0, t) by the relationship
where G * a (x = 0, −t) is the complex conjugate of G a (x = 0, −t) and the real time Green's function can be obtained from the imaginary time Green's function by the Wick rotation τ = it + sgn(t).
In the Luttinger liquid regime, one can take the limit T → 0 since T E spin E c . The tunneling DOS for the a species is then
where ρ aL (ω) and ρ aR (ω) are the contributions from the left and right branch of the Green's function respectively. From the following equation
we then get the tunning DOS at low temperature k B T < ω as
The local tunneling DOS is a power law of energy with
2 , which increases with the increase of N and the interaction, and is measurable in experiments, such as the tunneling conductance in Ref. 10 We see that in the Luttinger liquid regime, the power indexK of the tunneling DOS is always positive in the interacting case K c < 1, resulting in a suppression of the tunneling DOS at low energy 1, 31, 32 , whereas in the non-interacting case, ρ(ω) remains a constant. This suppression of the DOS in the Luttinger liquid is a manifestation of the orthogonality catastrophe effect due to the interaction 1,6,31,32 . We will see that when the temperature increases and the system enters the spin-incoherent regime E spin T E c , this result will change significantly.
VI. SPIN-INCOHERENT REGIME
In the strong interacting limit, the charge mode velocity u c of the one-dimensional interacting system is much faster than the velocity of the spin mode u s . There then exists a spin-incoherent regime v s k F = E spin < T < E c = v c k F where the charge mode can still be described by the Luttinger liquid theory, however, the Luttinger liquid description of the spin degrees of freedom is no longer valid [5] [6] [7] [8] . The correlation function in this regime does not depend on the spin part of the Hamiltonian since the spin Hamiltonian H s drops from the partition function
. The spin configuration in this regime is completely disordered due to the thermal excitations, whereas the charge part can still be described by the Luttinger liquid Hamiltonian Eq. (17) . The asymptotic behavior of the single-particle Green's function in the spin-incoherent regime can be easily obtained by generalizing the SU (2) case in Ref 5, 6 to the SU (N ) case here.
Since the charge and spin parts are separated and the spin Hamiltonian drops from the partition function, it's convenient to define a spinless charge mode corresponding to the total charge or particle number of the system
which satisfy the commutation relation [Φ(x 1 ), ∇Θ(x 2 )] = iπδ(x 1 − x 2 ). The total charge density of the system is then
whereρ c = N k F /π is the average charge or particle density. The Hamiltonian density of the charge part of Eq. (17) becomes
in terms of Φ and Θ. The single-particle Green's function
a (0, 0)] describes the probability of a particle inserted at (0, 0) propagating to (x, τ ) and annihilated. It can be expressed as a path integral over all possible path from the initial position in space-time (0, 0) to the final position (x, τ ) as
where the partition function Z = Dψ e −S E is a path integral over the probability of all the paths.
In the spin-incoherent regime, the crossing of two particles is almost prohibited since the crossing time is much larger than the typical thermal coherence time β = 1/k B T 5, 6 . For large distance (x, τ ), the most probable process to insert a particle with spin species a at (0, 0) and remove it at (x, τ ) is through permutation of identical neighboring particles one by one from (0, 0) to (x, τ ), as shown in Fig.1(a) . The path of the particle propagating from (0, 0) to (x, τ ) is then equivalent to a continuous world-line wrapping around the periodic imaginary time axis as shown in Fig.1(b) (see also Fig.2 of Ref  6 ). Such a process requires that all the particles permuted with the initial one have the same spin species. The topology of the paths in Fig.1(a) is then identical to that of spinless fermions 5, 6 .
The weight for the path of Fig.1(a) then includes the following contributions 5, 6 : one is the Euclidean action factor e −S E corresponding to the spinless charge Hamiltonian Eq.(57) for each path; the other is a statistical factor N −l(x,τ ) coming from the requirement that all the particles between (0, 0) and (x, τ ) have the same spin component, where l(x, τ ) is the number of particles in between (0, 0) and (x, τ ). Other than this, there is a factor (−1)
l(x,τ ) coming from the permutation of Fermions in between (0, 0) and (x, τ ). The single-particle Green's function in the spin-incoherent regime for large τ is then approximately
where e i(Θ(x,τ )−Θ(0,0)) creates a particle at (0, 0) and annihilates it at (x, τ ), and the average is done with respect to the charge Hamiltonian Eq.(57).
The number of particles between the initial and final position is related to the spinless charge mode as
In the limit of large x, l(x, τ ) is large and one can turn the sum in the above equation to an integral over m and get
where (−1) 
where the power index
and the phase
For the case N = 2, the above results reduce to the SU (2) case with S = 1/2 in Ref 5, 6 . From Eq.(62), we see that the Green's function in the spin-incoherent regime decays exponentially with distance due to the disordered configuration of spins. There is also an oscillating phase factor in the correlation function coming from the propagation of the charge mode, however, the wave vector is N k F instead of k F as in the Luttinger liquid regime. The spectrum function at low frequency in the spin-incoherent regime then show a center at ω = u c (q ± N k F ) which is completely broadened with width ∼ N K F lnN . In contrast, in the Luttinger liquid regime, the spectrum function shows peaks at ω = u c (q ± k F ) with power law singularity 1 . The Green's function obtained in Eq.(62) is valid for large x in the spin-incoherent regime. To obtain the tunneling DOS in this regime, one needs to calculate the Green's function at x → 0. The expression Eq.(59) is still valid for small x and large τ in the spin-incoherent regime, but the sum in Eq.(59) can no longer turn into an integral. Following the sum rule in Ref 6 for small x, we get the single particle Green's function at x → 0 as
The tunneling density of states in the spin-incoherent regime is then
For the short range Hubbard interaction, 1/N ≤ K c ≤ 1 as presented in Section III. The tunneling DOS then diverges at ω → 0 for any interaction and any N in the spin-incoherent regime. This is in contrast to the Luttinger liquid regime where the tunneling DOS goes to zero at ω → 0 as shown in the last section. The reason is due to the large number of excited spin modes in the spin-incoherent regime which beats the orthogonality catastrophe coming from the charge degrees of freedom 6 . It's interesting to note from Eq.(39) and Eq.(40) that the power index of ρ(ω) in Eq.(66) increases with the increase of N at strong interaction so the tunneling DOS is less and less singular at larger N , whereas it decreases with the increase of N at weak interaction so the tunneling DOS is more and more singular with the increase of N in this case. In contrast, in the Luttinger liquid regime, the power indexK of the tunneling density of states increases with increasing N at both weak and strong interaction.
The above scheme to obtain the Green's function in the spin-incoherent regime is valid only for large x, τ in principle. To compute the momentum distribution in the spin-incoherent regime, one needs the Green's function at τ → 0 and arbitrary x, i.e., the density matrix ρ a (x) = ψ † a (x)ψ a (0) for any x, which is however not available from the current scheme. The momentum distribution in the spin-incoherent regime then remains a challenge in a general case.
One special situation is when the local repulsion U goes to infinity. In this case, the exact eigenfunctions of the system from the Bethe Ansatz solution factorizes into a charge part similar to the wave function of noninteracting spinless fermions and a spin part which corresponds to the eigenstates of isotropic Heisenberg chain 7, 8, 22 . In the spin-incoherent regime, the spin part is disordered and all the spin configurations have the same possibility. This greatly simplifies the density matrix, and an exact solution of which is accessible by expressing the density matrix in terms of a Fredholm determinant 8 . Cheianov et al obtained the Green's function and density matrix in the spin-incoherent regime at infinite repulsion for N = 2 8, 26 by computing the Fredholm determinant. The momentum distribution in the spin-incoherent regime at U → ∞ was then reconstructed numerically from the exact solution of the density matrix 8 . The power law singularity of the momentum distribution near k = k F in the Luttinger liquid regime disappears in the spin-incoherent regime due to the exponential decay of the Green's function 8 . The method by Cheianov et al 8 can be directly generalized to the spin-incoherent regime of the SU (N ) case at U → ∞. However, due to the involved mathematics, we will leave it for a future study.
VII. CONCLUSIONS
In conclusion, we studied the one-dimensional SU (N ) Fermionic Hubbard model with N spin species in the frame work of Luttinger liquid theory supplemented by the solutions of Bethe Ansatz equations. We focus on the metallic phase of the system, i.e., with incommensurate fillings. The Green's function, the momentum distribution and the tunneling density of states of the system are calculated in the Luttinger liquid regime T E spin and the Luttinger liquid parameter is determined from the Bethe Ansatz equations for arbitrary interaction. The theoretical results we obtained agree qualitatively with the recent experiments on one-dimensional SU (N ) Fermionic Hubbard model in alkaline earth atoms.
We also studied the Green's function and tunneling density of states of spin-incoherent regime with E spin T E c , which demonstrate significant difference from the Luttinger liquid regime. The Green's function decays exponentially with distance in the spin-incoherent regime instead of a power law in the Luttinger liquid regime and the tunneling density of state diverges at low energy in the former instead of vanishing in the latter. The momentum distribution in the spin-incoherent regime, however, remains a challenge in a general case of arbitrary interaction.
We compared the one-dimensional SU (N ) Fermionic Hubbard model at large N with the one-dimensional spinless Bosoinic Hubbard model. Though the ground state energy of the Fermionic system at N → ∞ is the same as the spinless Bosonic system with the same interaction and particle density, indicating Bosonic behaviors of the SU (N ) Fermionic system at large N , the singleparticle Green's function and the momentum distribution of the two systems are not the same due to the different statistics they obey.
